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A general formalism is developed to examine the sedimentation of a charged particle
in a bounded system at small Peclet numbers and small particle-surface potentials. The
excess viscous force is evaluated using a generalized form of the Lorentz reciprocal
theorem, eliminating the need to calculate the detailed fluid flow around the charged
particle. Specific calculations are provided for the sedimentation of a charged sphere in
a concentric (uncharged) spherical cavity. Boundary interactions increase the magni-
tude of the excess force at small Debye lengths, with the opposite effect seen at very large
Debye lengths. A general solution is presented for the sedimentation velocity for an
arbitrary particle in both unbounded and bounded systems in the limit of very thin
double layers. The excess force under these conditions is proportional to the square of
the Debye length, with the proportionality constant being a function of the detailed
system geometry. These results provide important insights into the transport of charged

particles in porous membranes and chromatographic materials.

Introduction

The hindered sedimentation and diffusion of uncharged
particles has been studied quite extensively in a variety of
geometries, with much of this work described in a review arti-
cle by Deen (1987). The presence of the boundary increases
the hydrodynamic drag on the particle, significantly reducing
the sedimentation velocity from that which would be found in
an infinite medium under identical conditions. The hindered
(or effective) particle diffusion coefficient in membranes and
other porous media can be evaluated from the force on the
sedimenting particle using Einstein’s approach, with the re-
sults found to be in good agreement with available experi-
mental data (Deen, 1987).

There is considerable experimental evidence that the rate
of colloidal transport in bounded systems is significantly al-
tered by electrical interactions between the colloid and the
boundary. For example, Pujar and Zydney (1994) found more
than a two order of magnitude reduction in the rate of pro-
tein transport through narrow pore membranes due to
changes in electrolyte shielding (i.e., salt concentration).
Likewise, Potschka (1988) found that the pH and ionic
strength of the eluent significantly affected the retention of
various polyelectrolytes during both size-exclusion and ion-
exchange chromatography. This behavior has generally been
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attributed to electrostatic exclusion (i.e., thermodynamic par-
titioning) effects, at least in part because there are currently
no analyses to describe the role of the electrostatic interac-
tions on hindered diffusive transport through these porous
media.

The motion of a charged particle is considerably more
complex than that of an uncharged particle due to the defor-
mation of the electrical double layer arising from the fluid
flow around the particle (the relaxation effect). The fluid flow
tends to drag the counterions (i.e., the positive ions surround-
ing a negatively charged particle) up and around the particle,
resulting in an excess in the concentration of coions in the
region immediately beneath the particle. This distortion of
the electrical double layer gives rise to an induced (vertical)
electric field. This sedimentation potential was first discov-
ered by Dorn in 1878 and is often referred to as the Dorn
effect. This induced potential not only exerts a body force on
the particle, it also alters the velocity and pressure profiles in
the fluid due to its action on the electrolyte. This velocity
disturbance reduces the hydrodynamic drag on the particle
compared to that on an uncharged particle.

The first theoretical analysis of these effects was presented
by Smoluchowski (1921) for a sphere with an infinitely thin
double layer. The sedimentation velocity for a charged sphere
was shown to be smaller than that for an uncharged sphere
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by a term that is proportional to the square of the particle
surface potential. Booth (1954) evaluated the sedimentation
potential and the sedimentation velocity for an isolated sphere
with arbitrary double layer thickness using a perturbation ex-
pansion in the particle surface potential, with complex ex-
pressions for the necessary coefficienis presented for the
first-order corrections. The maximum correction to the sedi-
mentation velocity occurs when the double layer thickness is
approximately equal to the particle radius. Oshima et al.
(1984) subsequently generalized these derivations and pre-
sented numerical results for the sedimentation velocity at both
small and large surface potential.

Corresponding analyses for the hindered sedimentation of
a charged sphere in bounded geometries are currently un-
available. Bike and Prieve (1990) and van de Ven et al. (1993)
examined the normal force (or electrokinetic lift) on a charged
sphere sliding past a flat plate, and Keh and Anderson (1985)
and Zydney (1995) examined the effects of boundary interac-
tions on the electrophoretic mobility of a charged sphere in
different pore geometries. Thies-Weesie et al. (1995) mod-
eled the effect of salt concentration on the sedimentation ve-
locity at different particle volume fractions by accounting for
changes in the hydrodynamic interaction caused by the struc-
ture of the suspension. None of these analyses can be directly
extended to the sedimentation of a charged particle in a
bounded system because of the complex coupling between
the fluid flow, the ion concentrations, and the potential field
in this problem, in addition to the inherent nonlinearity in
the governing equations describing particle sedimentation.

This article describes a general approach for evaluating the
sedimentation velocity (and thus the drag force) of an arbi-
trary nonrotating charged particle in a bounded system for
small particle Peclet numbers and small particle-surface po-
tentials. The additional (excess) force arising from the electri-
cal interactions has two components: an electrical force that
is directly associated with the induced potential field, and a
viscous force that arises from the alteration in the velocity
profiles associated with the interaction between the electric
field and the electrolyte. This latter force is evaluated using a
generalized form of the Lorentz reciprocal theorem (Happel
and Brenner, 1973; Kim and Karrila, 1991) developed by
Tuebner (1982), thereby eliminating the need to actually de-
termine the complex velocity and pressure profiles describing
the motion of the charged sphere. Specific calculations are
provided for the sedimentation of a charged sphere in both
an infinite medium and a spherical cavity. The symmetry in
the latter geometry reduces the partial differential equations
describing the hydrodynamic and electrical interactions to
simple ordinary differential equations. A general solution for
the sedimentation velocity of an arbitrary particle in both an
unbounded and bounded system is developed in the limit of
very thin double layers using the method of Green’s func-
tions. The dimensionless excess force under these conditions
is shown to be proportional to (xa)~? irrespective of the de-
tailed system geometry. The final section of the manuscript
examines the implications of these results for the hindered
transport of charged colloids (e.g., proteins) through porous
membranes and chromatographic materials.

Theoretical Development

The governing equations describing the sedimentation of
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an arbitrary particle in a bounded system are given by the
Navier—Stokes equations:

uVip* =VP* — pg* + p V* 1)

VevE=0 3]
where »* is the fluid velocity, P* is the hydrostatic pressure,
g* is the gravitational body force, and p and u are the fluid
density and viscosity, respectively. The local electrical poten-
tial (®*) and the local charge density ( pg) are related by
Poisson’s equation:

3

where CF is the ion concentration, z; is the ion valence, € is
the dielectric constant of the electrolyte solution, and F is
Faraday’s constant. The conservation equation for the ions is

ICy
Jt

=—V-N*. (4)

The ion flux (N;*) has contributions from convection, diffu-
sion, and electrical conduction:

z,F
N*=vC} - D, VC;“+EC;“V<IJ*}, (5)

where D, is the ion diffusivity, R is the ideal gas constant,
and T is the absolute temperature.

Equations 1-5 are nondimensionalized using the charac-
teristic velocity (D, /a), the characteristic particle dimension
(a), the ion concentration at zero electrical potential (C..),
and the particle surface potential (®,) yielding:

Vip=VP — pg + BLVIV*¥ ©)
V-r=0 D

1
LN = — 5 (ka)(C,—-C_) (8)
v-VC,=V[VC_  +{C, V¥] )
v-VC_=qgV[VC_~{,C_V¥], (10)

where we have assumed that the ion concentrations are at
quasi-steady state and we have limited our analysis to a sym-
metric (1:1) electrolyte. Equations 6 to 10 are expressed in
terms of four dimensionless parameters: the dimensionless
surface potential,

i (11)
{a= RT’
the dimensionless inverse double layer thickness,
2wrrc,
=\— 12
x4 ( eRT ) 12
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(where ! is the Debye length), the ratio of the jon diffusiv-
ities,

2- (13)
q= D+ ’
and a dimensionless electrical force constant
€ (RT\? a0
A= uD, \ F |~

The difficuity in solving Equations 610 lies in the nonlin-
earity of both the Navier—Stokes equation and the ion con-
servation equations in addition to the coupling between the
fluid flow, the ion concentration profiles, and the electrical
potential. Following van de Ven (1989), we look to develop
solution for small Peclet numbers: '

15

where U is the sedimentation velocity. Under these condi-
tions the electrical double layer is only slightly perturbed from
equilibrium. Thus we can express the required variables us-
ing the first two terms in a perturbation expansion in Pe:

v=Pev, (16a)
C,=Cyo + PeC,y (16b)
V=Y, + Pe¥, (16¢)
P = Py + PeP,. (16d)

Note that the zeroth-order term for the velocity is absent since
the solution at Pe =0 corresponds to the equilibrium (non-
sedimenting) problem.

Equilibrium (zeroth-order) solution

The governing equations to zeroth order in Pe are

VPy+ BLV ¥V, — pg =0 an
1 2

{aVZ‘I'():-——z—(Ka) (C,o—C_p (18)

V-[VC, + 2, £,C,V W] = 0. (19

Equation 19 can be immediately integrated to give the Boltz-
mann distribution:

Ci=expl—z,{¥,] Q0
so that Eq. 18 becomes
LV, = (xka)’sinh( £,¥,). (21)

Analytical solutions for the equilibrium potential (¥,) are
available only for certain well-defined geometries and under
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very limited conditions (e.g., large xa or small {,). Equation
21 can, at least in principle, be solved numerically for more
complex geometries and arbitrary double layer thickness and
surface potential. Once the equilibrium potential is known,
the pressure field can be evaluated directly from Eq. 17. The
zeroth-order contribution to the force is then determined
from P, and ¥,. Note that the equilibrium electrical poten-
tial term provides no contribution to the net force (in the
direction of the gravitational field) for a system that is sym-
metric about the equatorial plane of the particle (oriented
perpendicular to the direction of the gravitational field).

First-order (perturbation) solution

The governing equations to first order in Pe are

V2p =VP, + BLA VYV, + VI VY] (22)
Ver,=0 (23)

2 1 2
Al \I’1=“‘2‘(K‘1) (Cii-C_y) 24
v;°VC y =V-[VC, 1+ {C, V¥ + {,C.V¥] (25

v, VC_o=qV-[VC_, - {,C_V¥ - {,C_V¥]. (26)

We seek a solution to Eqgs. 22~26 that is valid for small val-
ues of the particle-surface potential. Following van de Ven
(1989), we express the velocity, pressure, and ion concentra-
tions as

vi=ug+ {lu (27a)
Py =po+p, (27b)
Cia=dcirs (27¢)

where the first-order corrections to the velocity and pressure
are of order 2, as can be seen from the general form of Eq.
22. Collecting terms up to £, gives

Viuy=Vp, Veuy,=0 (28)

V2u,=Vp, + BIVEV3Y, + VIVIY¥,] Veu; =0 (29)
1

V2W1=—E(Ka)2(c+l—c_1) (30)

—uy V¥, =V:[Vc, , +V¥] 3D

uy' V¥, =gv-{Ve_,-V¥], (32)

where the terms involving C;, have been evaluated using Eq.
20, keeping all terms up to order 2. The solution to Eq. 28
is available for spherical particles in a number of different
bounded geometries. Equations 30-32 completely define the
perturbation potential (¥,) and the corrections to the ion
concentrations (¢, and ¢_,). The real difficulty in evaluat-
ing the sedimentation velocity lies in the solution to Eq. 29
due to the complex form of the two potentials (¥, and ¥,).
However, as will be shown below, it is actually possible to
evaluate the force on the particle, and thus the sedimenta-
tion velocity, without explicitly solving for either u; or p, by
using a generalized form of the Lorentz reciprocal theorem.
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Evaluation of the force

In previous analyses of the sedimentation velocity, the force
on the particle has been evaluated by directly integrating the
electrical and hydrodynamic stress tensors over the surface of
the particle. This requires detailed expressions for the veloc-
ity, pressure, and potential fields up to order L2 We shall
proceed in a very different fashion, following the general ap-
proach developed by Tuebner (1982). The total force on the
charged particle is expressed as

* *
Felectric + Fviscous s

% p*
Ftotal - Funcharged +

(33)
which accounts for (1) the viscous force exerted on the parti-
cle in the absence of its charge as well as the force due to
gravity (Fifpareeq); (2) the electrical force (Fleyic) exerted
on the particle by the induced potential field; and (3) the
excess viscous force (FX_ ) arising from the perturbations
in the velocity and pressure fields (given by u, and p,) caused
by the interaction between the electric field and the elec-
trolyte.

The electric force is evaluated by integrating the electrical
stress tensor (o) over the particle surface (Tuebner, 1982):

FeTectric = f* O ds* ) (34)

particle

where

€ 1
a'E=4—- EE—EEZI s
T

(35)

with E=~V®* and I the identity matrix. Equation 34 can
be simplified by following the approach outlined by Levine et
al. (1978), yielding

FeTectric B 1 {az
Fopope = —2% = = [14+— | 221, 36
electric 67T/.LU£1 2 1 q 12 fe ( )
where
fo=— (V- n)(V¥, k) + (V¥ n)(VY, - k) dS,

wIs

particle

37

where k is the unit vector pointing in the same direction as
the gravitational, field and » is the unit normal. The electric
force, therefore, has two distinct contributions: one arising
from the interaction between the induced perturbation po-
tential (VW,-k) and the equilibrium charge on the sphere
(which is proportional to V¥,-n) and one associated with
the interaction between the equilibrium field (V¥,- &) and
the induced surface charge (which is proportional to V¥, - n).
The perturbation potential ¥, can be evaluated from Egs.
30-32 as discussed later.

The viscous force is evaluated using a generalized form of
the Lorentz reciprocal theorem, which was developed by
Tuebner (1982):

2104 August 1996

F:;scous = ‘/-V*;)Ew 'V(D* dV*’ (38)

where w is the solution to the Navier-Stokes equation for
the velocity field around an uncharged particle in the same
bounded system moving at a constant (unit) velocity. The vol-
ume integral in Eq. 38 can be rewritten as:

/ ppw VO* dl* = e{azf V2 (w-V,))dV*
y* y*
+ e{azPe[ (V2o (w - VW,) + V2, (w-VE,)] dV*
V*
+ef2Pe? [ VAU (w V) dV*. (39)
V*

The last integral in Eq. 39 can be neglected since it is propor-
tional to Pe?. The term involving VZW,(w-V¥,) is exactly
zero using the Gauss divergence theorem for a system with
uniform potentials on both surfaces. Equation (39) can be
further simplified using the linearized form of Eq. 21 for V2,
and using Eq. 30 for V29, The resulting volume integral can
be expressed in terms of a surface integral using the Gauss
divergence theorem yielding:

1
F = el2Pe(ka) [ j YW w-ndS—— f s(w-V¥,) dV],
s 2y

40

where s =2W¥, + ¢, —c_,. Note that the development lead-
ing to Eq. 40 uses V-w = 0 from the continuity equation. The
surface integral in Eq. 40 is set equal to zero for sedimenta-
tion at constant surface potential since ¥; = 0 at the particle
and pore boundaries under these conditions. The dimension-
less excess viscous force can thus be evaluated as

F;‘;SCOUS B 1 gﬂz
Ficcous = == \1+—=|—=f,, 41
VISCOUus 677’;LU3. 2 q »}2 fU ( )
where
(xa)
f,=- [ stw-vy) av. (42)
14
The quantity s satisfies the differential equation
1
V2s=—(1+—)u0-V\Ifo, (43)
q

which is developed directly from Eqgs. 31 and 32. The appro-
priate boundary conditions on s are developed from the con-
straint that there is no ion flux through the particle or pore
surface, that is,

n-Vs=0  atall surfaces. (44)
Equation 44 can be replaced by the condition that s =0 as
r - for a particle in an infinite domain. Equation 44 also
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ensures that there is no net current flux in this system across
the equatorial plane perpendicular to the direction of sedi-
mentation.

The perturbation potential ¥, satisfies the partial differen-
tial equation:

1
V2, — (ka)' ¥, = - 5 (xa)’s, (45)

which is developed from Eqs. 30-32. Since the sedimentation
is assumed to occur at constant surface potential, Eq. 45 is
solved using the boundary conditions that ¥; = 0 on both the
pore and particle surface.

The quantities s and ¥, are determined entirely by the
motion of the uncharged sphere (u, and w) and the equilib-
rium potential field (¥,). The net force on the particle can
thus be calculated directly from Eq. 33, eliminating the need
to evaluate the actual (perturbation) velocity and pressure
fields surrounding the charged particle (u; and p,). The sed-
imentation velocity is then calculated from the constraint that
Fita =0 for a freely sedimenting particle. The use of these
equations for the evaluation of the sedimentation velocity are
illustrated in the following sections for a charged spherical
particle in an infinite medium, for a charged spherical parti-
cle in a concentric (uncharged) spherical cavity, and for an
arbitrary charged particle in a bounded system at very small
values of the double layer thickness.

Results and Discussion
Isolated sphere in an infinite medium

The equilibrium electrical potential for an isolated sphere
at low surface potentials is evaluated using Eq. 21 by express-
ing the hyperbolic sine by the first term in its Taylor series
expansion yielding:

1
\I’0=-r-exp[:<a(r—1)], (46)

where r is the dimensionless radial position. The electro-
static potential in the unbounded system is spherically sym-
metric, thus the radial component of the velocity vector

1 3 1
-t
= 2r3

5 a7

]cos 0

provides the only contribution to the righthand side of the
differential equation for s (Eq. 43). The quantity s must be
proportional to cos # under these conditions so as to match
the known angular dependence of u,. The solution to Eq. 43
can thus be written explicitly using the method of variation of
parameters as

B 1+
s=[B1r+—22]cos0~—( q)rfu‘lf’ dz
r 3q

1+g\ 1
+ ——— e
3g |r?

/ PuY dz, (48)
1
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where z is a dummy variable over which the integration is
performed. The integration constants B, and B, are evalu-
ated from the boundary conditions (Eq. 44) yielding:

+ © U,
B,=2B,= qfl—%dz.

3q cos 0 9

Substitution of Eqgs. 46 and 47 into Eq. 49 yields

1+¢
B. =
(5

where E,(x) is the exponential integral defined as

)exp(xa)[E3(Ka)— E(ka)], (50)

E(x)=x""'[

x L

dt. (51)

t"

= exp(—1) i =fw exp(—tx)
1

For a sphere in an unbounded (infinite) domain, Eq. 37 can
be rewritten in terms of a volume integral using the Gauss
divergence theorem:

(xa)?

f,= f s (k-V¥,) dV, (52)
|4

where the second (boundary) surface has been taken at a dis-
tance arbitrarily far from the particle where ¥, and ¥, van-
ish (i.e., well outside the electrical double layer). In deriving
Eq. 52 we have evaluated V2¥, and V?¥, using Egs. 21 and
30, respectively. The electric force can be evaluated analyti-
cally under these conditions using the expression for s given
by Egs. 48-50:

1
f,=4(ka)’ o exp (k@)4Eo(xa) = 6E,(xa) +5Ey(xa)
(53)

+3E,(ka) — 6Es(xa)] — exp(2xa) E;(2 a)].

The viscous force is evaluated in a similar manner from Eq.
42:

1+¢ 2
f,= ( 77 [exp(2 k@)[3E,(ka)—4E,(ka)]
+8exp (ka)[ Es(ka) — Es(ka)]
—exp2ka)[4E;(2ka) +3E,(2xa) — TEg(2 k)]

1+gq
- ( )(Kll) [—exp(Ka)[4E0(Ka) 6E (ka)
+5E3(Ka)+3E4(Kd)—6E5(Ka)]—CXp(ZKa)El(ZKa)]. (54)

The total dimensionless excess force (f = £, + f,) is thus
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1+gq 5
f= (T{) [exp Qk@)BEL(xa) ~4E(ka)]

+8exp (ka)l E;(ka)— Es(ka)]—exp(2ka)l4E,(2ka)

+3E,(2xa) ~TEg2ka)]]. (55)

Equation 55 can also be developed from a single volume inte-
gral given by the sum of Eqs. 42 and 52:

(ka)’

f=- [ sCug-v¥y) av, (56)
™ Vv

which avoids the need to evaluate both f, and f, separately.
Equation 55 was derived previously using a much more com-
plicated analysis involving direct integration of the hydrody-
namic and electrical stresses by Booth (1954) and later by
Oshima (1984). The dependence of f on «a is examined in
more detail toward the end of the next section.

Spherical particle in a spherical cavity

In order to investigate the effects of boundary interactions
on the sedimentation of a charged particle, we have exam-
ined the motion of a single charged sphere sedimenting at
the center of a spherical cavity. The spherical symmetry in
this system greatly simplifies the solution of the governing
equations while providing important insights into the magni-
tude of the boundary effects and their dependence on both
the particle/pore size and «a. This type of spherical geome-
try has been used previously in the analysis of boundary
interactions on solute partitioning (Giddings et al. 1968;
Glandt, 1980, 1981), hydrodynamic drag (Haberman and
Sayre, 1958), and hindered electrophoretic motion (Zydney,
1995).

The equilibrium electrostatic potential in this system is
given as

1
1 smh[xa()\ r)] a sinh[xa(r —1)]
Y= — — + —
0 1 AL 1
sinh] ka| ——1 sinh| ka| ——1
A A

where we have used constant surface potential boundary con-
ditions on both the particle and pore surfaces. Equation 57 is
expressed in terms of two new dimensionless parameters: that
is, A= a/b is the ratio of particle to pore radii, and « = {,/¢,
is the ratio of pore to particle surface potentials. The highest
order contribution to the velocity is evaluated from Eq. 28,
yielding

, (87)

L, A A,
u,=|Ar*+—=+ A5+ —|cos 6. (58)
r r

The constants A,;— A4, are given by Haberman and Sayre
(1958) as well as by Happel and Brenner (1973) as functions
of A. The quantity s is again proportional to cos 6. The solu-
tion to s is given by Eq. 48 but the integration constants are
now expressed as
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1+¢g

1A 1+2z%%) u,
6g(1— 21> fl

1-a1»

B,=2B,= ] WV, dz.

cos 6
(59)

The integrals in Eqs. 48 and 59 were evaluated numerically
for specified values of ka and A using the IMSL routine
DQDAG, which employs a globally adaptive integration
scheme based on the Gauss—Kronrod method. The perturba-
tion potential in this system is also proportional to cos @,
with the radial dependence of ¥, evaluated numerically from
Eq. 45 employing the same numerical technique. Finally, the
viscous force was evaluated by numerical integration of Eq.
42 using the IMSL routine DQDAGS. Analytical expressions
for s, f,, and f, were also developed at both small and large
Ka.

The calculated values of the dimensionless viscous ( f,,) and
electrical (f,) forces for a charged spherical particle in a
spherical cavity (with ¢, = 0) are shown in Figure 1 as a func-
tion of «a for several values of A. All calculations were per-
formed with g = 1 for simplicity. Note that the electrical force
has been plotted as negative f,, that is, the viscous and elec-
trical forces act in opposite directions under all conditions.
The electrical force opposes the particle sedimentation, while
the alteration in the velocity profiles actually reduces the drag
on the charged sphere. This latter effect can be thought of in
terms of an apparent slip velocity at the particle surface asso-
ciated with the perturbation velocity, «,. Both the dimension-
less viscous and electrical forces become independent of xa
as ka -, The equilibrium potential (¥,) at large xa be-
comes independent of A, while the potential gradient at the
particle surface (i.e., the particle-surface charge density) be-
comes proportional to xa. Both s and ¥, are proportional to
(xa)~? under these conditions, although the gradient of ¥,
is proportional to (ka)~'. The net result is that both f, and
J. become independent of xa with equal magnitudes (to
highest order in xa):

Q=2 +305)1-21%)
21— A)E=9A+10A3 — A° +449)

fu=—fe=[ } (60)

In this large «a limit, all three contributions to the current
flow (convective, diffusive, and conductive)

1
N,~N_=- Pe{a{zvqu +V(c,,—c_ D+ (1+ —)uo%]
q
(61)

are proportional to (xa)~2. The sharp increase in — f, and
f, with increasing A arises from the corresponding increase
in the velocity gradient near the surface of the particle. Both
S, and f, are directly proportional to the second derivative
of u, with respect to r (evaluated at the particle surface)
under these conditions. This behavior is discussed in more
detail subsequently.

The dimensionless viscous and electric forces become pro-
portional to (ka)* at small xa for A=0.2, 0.4, 0.6, and 0.8.
For xa< A, the electrical double layer spans the entire
spherical cavity, thus the equilibrium potential becomes inde-
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Figure 1. Dimensionless electric (top panel) and ex-
cess viscous (bottom panel) forces as a func-
tion of «a.

pendent of xa. The quantity s (determined from Eq. 48) is
also independent of xa under these conditions. The first
nonzero contribution to the perturbation potential (¥,) for
ka < A is also proportional to (ka)? This ensures that the
convective current flow (which is proportional to C,,~C_,
and thus W) is exactly balanced by the diffusive current flow
(which is proportional to V(c,,— c_;)) with the elec-
trophoretic current being negligible. The net result is that
— f. (evaluated from Eq. 37) and f, (from Eq. 42) both be-
come proportional to (ka)* at small xa. In contrast to the
preceding behavior, the electrical force when A= 0 is linearly
proportional to ka at small xa (Figure 1). The behavior at
small ka and at small A is discussed in more detail subse-
quently. The transition from the small to large ka behavior
occurs when the electrical double layer becomes smaller than
the size of the spherical cavity, that is, when «a is of order
A1 — A). This physical picture is in good agreement with the
results in Figure 1, which shows more than an order-of-mag-
nitude increase in the transition value of ka as A goes from
0.2100.8.

The behavior of the electrical force at small xa and small
A is examined in more detail in Figure 2. The results are
plotted as a function of xb= xa/A for A=0.001, 0.01, and
0.1. When «b < 1, the dimensionless electrical force is pro-
portional to («b)? [or (ka)?]. When «b>1 and ka<1,
however, — f, varies linearly with xa. This linear depen-
dence on «a was seen in Figure 1 for A= 0 since «b is infi-
nite in the unbounded problem. The very different behavior
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Figure 2. Dimensionless electric force as a function of
kb at small A.

in these systems arises from the complex effects of the
boundary on the equilibrium and perturbation potentials. The
leading term in the equilibrium potential becomes indepen-
dent of xa at very small xa; however, the next term (in a
perturbation expansion in «a) is linear in xa for A=0, but
varies as (ka)? for A> ka (see Egs. 46 and 57). The ka inde-
pendent term in ¥, provides no contribution to ¥,; the dif-
ference in the higher order terms gives rise to the different
behavior seen in Figure 1. The magnitude of the perturbation
potential is also determined by the details of the velocity pro-
file u,. In the unbounded problem, u, decays from its value
at the particle surface (U) to zero as r — . The velocity pro-
file in the bounded problem is quite different, with a recircu-
lation (reverse) flow occurring in the region near the outer
boundary in order to satisfy the overall continuity equation.
This effect is discussed in more detail by Zydney (1995) in
the context of particle electrophoresis. At small «a, this re-
circulation generates a reverse current flow near the outer
boundary, which reduces the magnitude of the perturbation
potential required to satisfy the no net current constraint.
The combination of these effects leads to the (xb)? depen-
dence at small xb seen in Figure 2. In contrast the behavior
for kb>1 and ka <1 resembles that in the unbounded sys-
tem.

The dependence of the viscous and electrical forces on A is
shown explicitly in Figure 3. Results for A close to 1 are not
shown because of numerical difficulties. At large «a, the ve-
locity gradient at the particle surface increases with increas-
ing A. This causes an increase in both the perturbation po-
tential and s leading to the observed increase in both — f,
and f, with increasing A. The behavior at small «a (e.g,
xa = 0.01) is very different. In this case —f, and f, decrease
with increasing A at small A before increasing as A — 1. At
small A, the convective ion transport associated with the par-
ticle sedimentation decreases with increasing A due to the
additional drag on the fluid in the far boundary. This reduc-
tion in convective ion transport causes a corresponding re-
duction in ¥, and C;; and in turn — f,. At higher A, there is
a sharp increase in the gradient in the equilibrium potential
(V¥,), which corresponds to an increase in the equilibrium
surface charge density of the sphere (at constant {,). This
causes a significant increase in the magnitude of the electri-
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Figure 3. Dimensionless electric (top panel) and ex-
cess viscous (bottom panel) forces as a func-
tion of A.

Dimensionless Excess Viscous Force, fv

cal force on the particle. The variation of ¥, and V¥, with
A also determines the magnitude of the electrical forces act-
ing on the fluid (electrolyte), leading to the observed de-
pendence of the viscous force on A at small xa. The situation
is more complicated at intermediate xa. V¥, increases
monotonically with increasing A, but ¥, (and its derivative)
go through a maximum at an intermediate value of A due to
the competing effects of the boundary on the flow. In this
case the velocity gradient at the particle surface increases with
increasing A, causing an increase in V¥, while the recircula-
tion velocity at the outer boundary causes a decrease in V¥,
at larger values of A. This causes a slight maximum in — f,
followed by a weak minimum (similar to that seen at very
small xa).

The total excess force (f = f, + f,) acting on the charged
sphere is shown in Figure 4 as a function of xa at several
values of A. The results have been presented as —f, that is,
the excess force always acts in the opposite direction of the
gravitational field, reducing the sedimentation velocity com-
pared to that for an uncharged particle. The results for A=0
are identical to those presented by Oshima et al. (1984) for
the sedimentation of a charged sphere in an infinite medium.
At small xa, the total excess force is dominated by f,, which
is proportional to «a for A= 0 and to (xa)? for the other A.
The behavior at very small A is more complex, similar to that
seen in Figure 2. The excess force at small xa decreases with
increasing A due to the reduction in the magnitude of ¥,
and C;; arising from the increased drag on the fluid due to
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Figure 4. Total dimensioniess excess force as a func-
tion of «a.

the pore boundary. The exact opposite behavior is seen at
large xa, with — f increasing by almost four orders of mag-
nitude as A goes from 0 to 0.08 at xa =100. This large in-
crease in — f is due to the large increase in the velocity gra-
dient near the particle surface. As discussed previously, the
leading order terms in f, and f, are equal in magnitude at
large «a, but act in opposite directions. The first nonzero
contribution to the total excess force at large a is actually
proportional to (ka)~2:

12 (1+21%) (2-5A% +3A5)°

- - , (62
(ka)? (1—A%) (4—9A+10A% —91° +4A5) (62)

which displays a very strong dependence on A (Figure 4).
Equation 62 reduces to f = —12A«a)? for the sedimenta-
tion of a charged sphere with an infinitely thin double layer
in an unbounded medium, which is identical to the classic
result developed by Smoluchowski (1921).

The maximum in the dimensionless excess force at inter-
mediate «a reflects the transition from the behavior at small
xa (where the double layer spans the pore) to the behavior at
large ka (where the double layer is very thin). The results in
Figure 4 for A # 0 are well correlated as

4A

T (63)

(Ka)max =

which is the point where the double layer thickness (k') is
equal to one-quarter of the particle—pore separation (b-a).
This maximum in f is related to the maximum in V¥, dis-
cussed earlier.

General behavior at large ka

All of the results presented in the last section were for a
spherical particle in a spherical cavity. It is also possible to
develop a general expression for the total excess force on an
arbitrary particle in the xa — o limit using the basic proce-
dure outlined earlier in this article. At large xa, the equilib-
rium electrical potential can be approximated as

¥, =exp(— xaz), (64)
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where z is the distance (in the direction of local normal)
measured outward from the particle surface. Equation 64 is
valid as long as the local surface curvature is much less
than «.

The electrical force on the particle is again given by Eq.
37, but in this case the surface integral can be converted to a
volume integral since the contribution from any surface
(boundary) sufficiently far from the particle (i.e., outside the
electrical double layer) is identically equal to zero. The re-
sulting volume integral for f, (given by Eq. 52) is added to
the expression for f, (Eq. 42), with the total force given by
Eq. 56. The only contribution to the required volume integral
at large xa comes from the region very close to the particle
surface. The volume differential (dV') is thus rewritten as dz
dS where dS is a differential area of the particle surface.
Equation 56 can thus be written as

(xa)’ avy,

f=-— fsfzsuz-gdzds, (65)

where u, is the velocity component in the direction normal
to the particle surface: u, = n-u,. The first nonzero term in
the Taylor series expansion for «, is proportional to u, since
both u, and Ju,/dz are zero at the particie surface (the par-
ticle is impermeable and there is no normal stress at the par-
ticle surface). Equation 65 can thus be approximated as

- (Ka)z [1 fm zdlpo
2

22 dz] [[s(o,S)u';(o, s) ds],
S

T 0 dz

(66)

where s has been evaluated at the particle surface (z = 0).
Note that s and ), are complex functions of the surface co-
ordinate (§) with the detailed dependence determined by the
specific geometry of the system. The value of s along the
particle surface can be evaluated from Egs. 43 and 44 using
the method of Green’s functions (Jackson, 1975):

av
12 —__0 dzl]

1 =
5(0,8) = (s)s -2 Efo 2 —

x[f G(0,0,S, 8w, (0,5") dS’], (67)
o

where {s)s is the average value of s over the particle sur-
face. The Green’s function, G, corresponding to the Neu-
mann problem defined by Eqs. 43 and 44, is again evaluated
at the particle surface. The integration over z is performed
with ¥, given by Eq. 64, yielding

2
f= 2 fsu,_((),S)[j;’G(0,0,S,S Yu,(0,8') dS' | dS.

7(ka

(68)

Note that the term involving (s)s provides no contribution to

the force because fV uy-V¥, dV is zero. Equation 68 pro-
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vides a general expression for the dimensionless excess force
on an arbitrary charged particle sedimenting in an arbitrary
fluid (either unbounded or bounded) at large ka. Actual val-
ues for f can be determined by numerical integration if the
velocity profiles for the uncharged particle [in particular
u,(0,5)] and the appropriate Green’s function can be deter-
mined. Since both u, and G are independent of «a, Eq. 68
clearly demonstrates that the dimensionless excess force at
large «a is always proportional to (ka)~2, irrespective of the
particle geometry or the bounded/unbounded nature of the
system.

Hindered sedimentation and diffusion

The effects of the particle charge on the sedimentation ve-
locity can be evaluated from Eq. 33 by setting Ff,, equal to
zero. Calculations are shown in Figure 5 for a spherical parti-
cle in a spherical cavity for g=1, {,=1, {,=0, and 8=
0.259, the latter being characteristic of a KCl solution (van de
Ven, 1993). The results have been normalized by the sedi-
mentation velocity of the uncharged sphere:

F*K
g **Dy
=0 69
0 6mura ©9)
where
4
FF =§7ra3( p,—p)g* (70)
and
9 5 9
(1—ZA+EA3—Z,\5+,\6)
Po (1- %)

where K, is the hindrance factor for sedimentation of an
uncharged sphere in a spherical cavity and is evaluated di-
rectly from the velocity and pressure profiles by setting
Flichargea = 0 (Zydney, 1995). The presence of the surface
charge reduces the magnitude of the sedimentation velocity,
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Figure 5. Scaled sedimentation velocity in an un-
charged spherical cavity as a function of xa.
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with the effect being greatest at an intermediate «a. The sed-
imentation velocity at very small «a is largely unaffected by
the particle charge since the perturbation potential is quite
small under these conditions. The sedimentation velocity at
large «a is also only weakly influenced by the particle charge
since the electrical force (f,) exactly balances the excess vis-
cous force (f,) under these conditions. The location of the
minimum in U/Uj shifts to larger xa as A increases, reflect-
ing the shift in the transition from the small to large xa be-
havior discussed previously. The global minimum in U/U, oc-
curs at A= 0.6 and xa =6, even though the maximum in the
excess force increases monotonically with increasing A. This
is due to the large reduction in K, with increasing A caused
by the hydrodynamic interactions with the pore boundary.
These interactions cause a large increase in Fycpapeeq, Which
more than compensates for the increase in the excess force.

The hindered diffusivity of a charged particle in a spherical
cavity can be evaluated directly from the drag force using the
Stokes—Einstein formalism (Deen, 1987). The results are
conveniently expressed in terms of the enhanced drag coeffi-
cient, K, which is equal to the ratio of the drag force on the
particle in an unbounded medium to the drag in the actual
bounded geometry:

F:((:)tal (/\ = O)
Kp=s—F——. (72)
P Ftttal( A)

The hindrance factor can be evaluated directly from Egs. 33,
36, and 41, yielding

1 2
1+§ 1+—) %f(A=0)
Kp=Kp, B ql 2 > (73)
1+5 (1+;) Ef(/\)KDo

with K, given by Eq. 71.

The effects of particle surface potential (£,) and the elec-
trolyte concentration (xa) on the hindrance factor for diffu-
sion are shown explicitly in Figure 6 for A=10.6 using the
same conditions examined in Figure 5 (g=1, {,=0, and B
=0.259). K, displays a minimum at xa = 6, with this effect
becoming much more pronounced at higher values of the
particle surface potential. This behavior is due to the greater
effect of electrical interactions on the drag force (Fj.,;) in
the bounded system than that in the unbounded system. K,
actually increases with increasing surface potential at small
values of ka due to the increase in F);,, with increasing sur-
face potential in the unbounded system. At these small val-
ues of ka, the electrical interactions in the bounded system
are smaller than those in the unbounded system due to alter-
ation of the potential fields caused by the pore boundary.
The hindrance factor for the charged particle thus has a very
complex dependence on «a, A, and (.

Conclusions

Although the sedimentation velocity of a charged sphere at
arbitrary double layer thickness was calculated many years
ago by Booth (1954), there have been no corresponding in-
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vestigations of the sedimentation of charged spheres in
bounded systems despite the importance of electrical interac-
tions on particle motion in a variety of porous media. This
article describes a general procedure to evaluate the sedi-
mentation velocity of a charged particle using a perturbation
expansion in the particle surface potential and Peclet num-
ber. The excess viscous force is evaluated by application of
the generalized reciprocal theorem developed by Tuebner
(1982), thereby eliminating the need to determine the actual
velocity and pressure field for the charged particle. This
greatly simplifies the analysis, with the final expressions re-
ducing to those developed previously by Booth (1954) and
Oshima et al. (1984) for an isolated sphere sedimenting in an
infinite medium.

Detailed calculations were performed for the boundary ef-
fects on the sedimentation of a charged sphere located at the
center of a spherical cavity. At large «a, the forces exerted
on the sphere increase sharply with increasing A due to the
effect of the pore boundary on the fluid velocity profiles near
the particle (i.e., within the electrical double layer). The be-
havior at small «a is much more complex. Significant differ-
ences were seen in the behavior for the bounded and un-
bounded problems, with the dimensionless excess force being
proportional to (ka)? and «a in these two systems, respec-
tively. This behavior was due to the effects of the boundary
on both the equilibrium and perturbation potentials, the lat-
ter being influenced by the development of a recirculation
flow in the bounded problem.

The analysis presented in this manuscript provides a gener-
ally applicable framework for the evaluation of the sedimen-
tation velocity for charged particles. The behavior of an arbi-
trary particle in both an unbounded and bounded system at
large xa was examined explicitly using the method of Green’s
functions. The dimensionless excess force under these condi-
tions was shown to be proportional to (xa)~? irrespective of
the details of the particle and the pore geometry.

The complex dependence of the hindrance factor for diffu-
sion on A, ka, and the particle surface potential can have
important implications for the transport of charged colloidal
particles (e.g., proteins) through semipermeable membranes
and chromatographic materials. In particular, the presence of
the surface charge causes an even greater reduction in the
particle diffusivity within the porous material than would have
been predicted by partitioning alone. This behavior has in
fact been observed experimentally by Pujar and Zydney (1994)
in their study of albumin transport through a semipermeable
polyethersulfone membrane. Pujar and Zydney showed that
K, is smallest (i.e., the hydrodynamic drag is greatest) at xa
= 1.3, which is in excellent agreement with the results shown
in Figure 6. However, the magnitude of the variation in K,
with «a seen by Pujar and Zydney was considerably larger
than that predicted in Figure 6. The reason for this discrep-
ancy is uncertain. It may be due to the experimental difficul-
ties involved in evaluating K, from the membrane sieving
experiments, the presence of a pore-size distribution in the
membrane, and /or the complex charge distribution and regu-
lation of the protein surface. The theoretical analysis devel-
oped in this manuscript provides the first theoretical explana-
tion for these important experimental observations as well as
an appropriate framework for evaluating the importance of
boundary interactions on the sedimentation and hindered
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diffusion of charged particles in a wide vareity of porous me-
dia and membranes.
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Notation

C; = dimensionless concentration of ion i
C;, = dimensionless equilibrium concentration of ion i
¢;; =dimensionless first-order perturbation to the concentration
of ion i
E = electric field
= total excess force
F,, ..., =total dimensionless excess force
F;f =gravitational force
g =dimensionless gravitational acceleration
N, =total dimensionless flux of ion #
P =dimensionless pressure
P, =dimensionless equilibrium pressure
p, =dimensionless pressure in an uncharged system
p; = dimensionless first-order perturbation in pressure
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Sparicie = particle surface
pore = pore surface
t =time
U, = sedimentation velocity of uncharged sphere
v = dimensionless fluid velocity with the particle kept station-
ary
V* =volume bounded by S, and Sy, icte
v, =dimensionless fluid velocity with the particle kept station-
ary
z =normal co-ordinate
B = dimensionless electrical force constant
pp = patrticle density
w = perturbation in ion concentration (w =c,, —~c_;)
¥ = dimensionless total electrical potential
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